We study the electron and phonon thermalization in simple metals excited by a laser pulse. The thermalization is investigated numerically by solving the Boltzmann transport equation taking into account all the relevant scattering mechanism: the electron-electron, electron-phonon (e-ph), phonon-electron (ph-e), and phonon-phonon (ph-ph) scatterings. In the initial stage of the relaxation, most of the excitation energy is transferred from the electrons to phonons through the e-ph scattering. This creates hot high-frequency phonons due to the ph-e scatterings, followed by an energy redistribution between phonon subsystems through the ph-ph scatterings. This yields an overshoot of the total longitudinal-acoustic phonon energy at a time, across which a crossover occurs from a nonequilibrium state, where the e-ph and ph-e scatterings frequently occur, to a state, where the ph-ph scattering occurs to reach a thermal equilibrium. This picture is quite different from the scenario of the well-known two-temperature model (2TM). The behavior of the relaxation dynamics is compared with those calculated by several models, including the 2TM, the four-temperature model, and nonequilibrium electron or phonon models. The relationship between the relaxation time and the initial distribution function is also discussed.
I. INTRODUCTION
Notwithstanding the fundamental interest on ultrafast dynamics of elementary excitations in solids excited by femtosecond laser pulses the thermalization even in simple metals is not well understood. The aim of this paper is to develop a theory for the thermalization of metals beyond the well-known two-temperature model (2TM), that is, beyond the quasiequilibrium approximation.
The thermalization in metals after a pump pulse irradiation is governed by the electron-electron (e-e), electronphonon (e-ph), phonon-electron (ph-e), and phononphonon (ph-ph) scatterings. The energy transfer between the electrons and phonons through the e-ph and ph-e scatterings has been theoretically studied by Kaganov et al [1] , motivated by the electron transport experiment, where the deviation from the Ohm's law was observed in metals. Given that the e-e and ph-ph scatterings keep the electron and phonon distributions equal to quasiequilibrium distributions, the energy relaxation can be described by the time-evolution of the electron and phonon temperatures. Based on this picture, Anisimov et al. have first applied the 2TM to study the energy relaxation of the photoexcited systems [2] . Allen has revealed the relationship between the e-ph coupling function used in the 2TM and the Eliashberg function used in the strong coupling theory of superconductivity [3] , which has provided how to interpret time-resolved experiments [4] [5] [6] [7] [8] [9] and has been a basis for studying the thermalization of condensed matters theoretically [10] [11] [12] .
However, it has been questionable whether the assumption behind the 2TM is really valid or not. In fact, numerical studies based on the Boltzmann transport equation (BTE) considering the e-e and e-ph scatterings have * Electronic address: shota o@gifu-u.ac.jp revealed the breakdown of the 2TM [13] [14] [15] [16] [17] [18] [19] . Furthermore, recent studies have pointed out the importance of the ph-ph scatterings for better understanding the thermalization in metals [20] [21] [22] [23] , semiconductors [24] , and Dirac-semimetals [25] . A picture for the thermalization in solids should now be reconsidered without using the quasiequilibrium approximation.
In this paper, we investigate the electron and phonon thermalization in simple metals by solving the BTE taking into account the e-e, e-ph, ph-e, and ph-ph scatterings. Through the e-ph scatterings, most of the electron energy is transferred into the longitudinal acoustic (LA) phonons in the initial stage of the relaxation. Simultaneously, the LA phonon decays into the transverse acoustic (TA) phonons via the ph-ph scatterings. This yields an overshoot of the total LA phonon energy at a time. Such an overshoot is an indicator for a crossover from a nonequilibrium state, where the e-ph and ph-e scatterings frequently occur, to a state, where the ph-ph scattering occurs to reach a thermal equilibrium. Throughout the energy relaxation, the effect of the e-e scattering can be negligible. The thermalization scenario demonstrated is quite different from that of the 2TM [3] . A comparative study using several models shows that the energy relaxation of quasiequilibrium states is faster than that of nonequilibrium states. This implies that an application of the 2TM to time-resolved experiments would lead to an underestimation of the e-ph coupling constant of metals, which is consistent with the results in Ref. [20] . It is also shown that the relaxation time strongly depends on the initial electron and phonon distribution functions as well as their initial energies.
The paper is organized as follows. In Sec. II A, the e-e, e-ph, and ph-ph interaction Hamiltonians are formulated. The matrix elements derived are used for describing the multi-particle scattering events. In Sec. II B, the BTE for the electron and phonon is derived. For later use, several models for the energy relaxation of solids are provided. In Sec. III A, by investigating the time-evolution of the excess energy, the energy transfer rate, and the distribution functions for the electron and phonon, a picture for the thermalization is presented. In Sec. III B, the behavior of relaxation dynamics in the nonequilibrium electronphonon model is compared with those in other models. The relationship between the relaxation time and the initial distribution function is also discussed. The paper is summarized in Sec. IV.
II. THEORY
We consider the nonequilibrium electron-phonon dynamics in simple metals excited by a laser pulse. The low energy excitation of the electron and the phonon is described by the jellium model and the continuum elasticity model, respectively. The ultrafast dynamics of those elementary particles is regulated by the BTE with the e-e, e-ph, ph-e, and ph-ph collision integrals. Thus, we first formulate the interaction Hamiltonian necessary to describe the scattering processes.
A. Hamiltonian
The total Hamiltonian is written as
where H e , H p , and H ep denote the electron, the phonon, and the e-ph interaction Hamiltonian, respectively. The former two Hamiltonians include the e-e and ph-ph interaction part, respectively. The expression for each Hamiltonian is given below.
Electrons
In a simple metal, the valence electron can be treated as a free electron in the zeroth-order approximation [26] . Since the electrons interact with each other via the Coulomb interaction forces, the electron Hamiltonian is written as [27] 
where is the Planck constant, m is the electron mass. The first and the second terms are the kinetic and the e-e interaction energies, respectively. ψ σ (r) is the field operator and is expanded by the plane-waves
with the electron position r, the wavevector k, the spin σ, and the crystal volume Ω. a kσ (a † kσ ) is the destruction (creation) operator of the electron with k and σ. V (|x|) with x = r − r ′ is the screened Coulomb potential energy given as
with the electron charge e and the dielectric constant of vacuum ǫ 0 . q TF is the Thomas-Fermi wavenumber given by
with the dimensionless Wigner-Seitz radius r s and the Bohr radius a 0 = 4πε 0 2 /(me 2 ). Using the Fourier transformation, Eq. (2) is expressed as
where ε k = 2 k 2 /(2m) is the free electron energy and V (q) is the Fourier component of the screened Coulomb potentialṼ
which is independent of the electron spin.
Phonons
The lattice dynamics in an atomistic system can be considered as an elastic wave propagation in a continuum medium within a long wavelength limit [26, 28] . The Hamiltonian for the later is given by
where C ijkl (C ijklmn ) is the forth-rank (six-rank) tensor and serves as the second-order (third-order) elastic constants with i, j, k, l, m, n = 1, 2, 3. ρ i is the ion mass density given by ρ i = M i N i /Ω with the ion mass M i and the number of the ions N i in a volume Ω. The strain tensor is defined as [29, 30] η ij (r) = 1 2
The frequencies of the three phonon branches are given by
where v LA and v TA are the phonon velocities. The Debye frequency Ω γ,D for the polarization γ is determined by the normalization condition
. The time-evolution of the phonon population is governed by the three-phonon process. Substituting Eq. (12) into Eq. (8) and defining
one obtains the perturbed Hamiltonian
where
with
with the abbreviation e = e(Qγ), e ′ = e(Q ′ γ ′ ), and e ′′ = e(Q ′′ γ ′′ ). Note that A ph is symmetric under the exchanges (e, Q)
, and (e, Q) ↔ (e ′′ , Q ′′ ).
Electron-Phonon Interaction
The electron-lattice interaction Hamiltonian is expanded into two terms: the static and dynamical lattice potential. The former and the latter contribute to the Bloch electron formation and the energy exchange during the relaxation. The leading term in the latter is the deformation potential interaction [32] . The e-ph interaction Hamiltonian is given by
where D 0 is the deformation potential, which describes the interaction between the electron and the LA phonon through the local density fluctuations of continuum medium. Within the free-electron approximation, D 0 = 2ε F /3 with ε F being the Fermi energy. Then, one obtains
The matrix elements of the electron-TA phonon interaction is finite when one considers the umklapp processes. To treat it phenomenologically, we introduce the polarization-dependent deformation potential D γ and assume
The parameter β is determined to yield a realistic value of the e-ph coupling constant described below.
B. Models
We will formulate five models depending on the approximation level. In the first model given in Sec. II B 1, the presence of the quasiequilibrium states is not assumed, while in the 2TM given in Sec. II B 5 it is assumed a priori.
NEP model
We first present the nonequilibrium electron and phonon (NEP) model, where all the relevant scattering processes are considered. We thus expect that the NEP model would yield a relaxation dynamics quite similar to the ultrafast dynamics observed in time-resolved experiments. The BTE for electron and phonon systems is written as [29] 
where no contribution from the diffusion and external field terms is assumed. f k,σ denotes the distribution function of the electron state with (k, σ). n Q,γ denotes the distribution function of the phonon state with (Q, γ).
The first and second terms in Eq. (25) indicate the e-e and e-ph collision integrals, respectively, while the first and second terms in Eq. (26) indicate the ph-e and ph-ph collision integrals, respectively. Given no magnetic impurities and weak exchange interaction between the electrons in the system, it is reasonable to assume that the electron distribution is independent of the spin coordinate, that is,
The transition probability for the scattering events is formulated within the Fermi's golden rule. Using Eqs. (6), (19) , (22) , and (24), the e-e, e-ph, ph-e, and ph-ph collision integrals are written as
governed by the screened Coulomb interaction potentialṼ (q) in Eq. (7). Eqs. (29) and (30) describes the e-ph and ph-e scatterings, where the electron with k is scattered into that with k + Q by an absorption of the phonon with Q or an emission of the phonon with −Q, and vice versa. The first and second terms in Eq. (31) denote the phonon anharmonic decay and inelastic scatterings, respectively, with the total wavevector conserved. For the former process, the phonon mode with (Q, γ) decays into two phonons of (Q ′ , γ ′ ) and (Q − Q ′ , γ ′′ ), while for the latter one, the two phonon modes with (Q, γ) and (Q ′ , γ ′ ) are merged into a phonon with (Q + Q ′ , γ ′′ ). In the derivation of the collision terms, Eqs. (29), (30) , and (31), the relations ω Qγ = ω −Qγ and n Q,γ = n −Q,γ arising from the inversion symmetry are used.
Note that, for a simple metal, there is no three-phonon processes in which all three phonons belong to the same polarization branches. This is due to the dispersion effect near the zone boundary [29] . In the present study, one can neglect the three-phonon processes, such as LA (TA) ⇆ LA (TA) + LA (TA). Besides, there is no scattering processes, in which one TA phonon creates two LA phonons, and vice versa, due to the energy conservation law [29] .
When f k is averaged over the electron states having the energy ε, one obtains the distribution function for the electron state with the energy ε [15, 18] 
where N (ε) = Ω(2m)
) is the electron DOS per spin. Similarly, the phonon distribution function for the phonon states with the frequency ω is defined as [15, 18] 
is the phonon DOS for the polarization γ. θ H (x) is the Heaviside step function: θ(x) = 1 for x ≥ 1 and θ(x) = 0 for x < 1. By using Eqs. (32) and (33), the time (t)-evolution for the electron and phonon distribution functions are given by, respectively,
and
with γ =LA, TA1, and TA2. We introduced the coupling functions defined as
For an isotropic system, these coupling functions are expressed as follows; The e-e coupling function in Eq. (36),
with the Fermi wavenumber k F ; The e-ph coupling function in Eq. (37),
where Z val is the number of the valence electron; and the ph-e coupling function in Eq. (38),
where the functions h 1 and h 2 in Eqs. (40) and (41) are given by
with α 2 F (ω) = γ α 2 F (ω, γ). Using this approximation, the e-ph coupling constants are defined by
with λ ω n = γ λ γ ω n . When the deviation of the single particle energy from the Femi energy is not negligible, we use the expression of
where the factor ε F /ε is multiplied [see the expression of Eq. (41)], which will be used in Sec. II B 2. The ph-ph coupling function satisfies, by definition, the following properties
The derivation of a simple expression for the ph-ph coupling function is difficult, so that we evaluate C ph-ph in Eq. (39) numerically. The details including the derivation of Eqs. (40) and (41), and the numerical implementation of Eq. (39) will be provided in the Appendix A.
NE+3T model
Second, we present a model that consists of the nonequilibrium electrons and the quasiequilibrium phonons characterized by three phonon temperatures (NE+3T model). We assume that the effect of the e-e and ph-ph scatterings on the thermalization is negligible in the initial relaxation. Then, Eq. (34) is simplified into
with the Bose-Einstein (BE) function n BE (ω, T
is the phonon temperature for the polarization γ. Since the net phonon energy with γ is defined by E
ph can be expressed as, by using Eq. (35),
ph is the specific heat of the phonon with γ.
NP+1T model
Third, we present a model that consists of the nonequilibrium phonons and the quasiequilibrium electrons (NP+1T model). The net electron energy is E (net) e = 2 dεεN (ε)f FD (ε, T e ), where T e is the electron temperature and f FD is the Fermi-Dirac (FD) function. The t-evolution of E (net) e is expressed by
In the derivation of Eq. (52), we assumed that the e-ph coupling function is approximated to the Eliashberg function α 2 F (ω, γ). Again, the contribution from the e-e and ph-ph scatterings are omitted in Eq. (52). Thus, Eq. (52) is a natural extension of Eq. (10) in Ref. [3] , since the formula is appropriate for the presence of nonequiibrium phonons. Using the Sommerfeld expansion [26] , E (net) e is expressed by the t-dependent temperature T e (t), that is, E (net) e (t) = 3N e ε F /5 + π 2 N (ε F ) [k B T e (t)] 2 /3 with the total number of the electrons N e . Then, one obtains
Using Eq. (35), the t-evolution of n γ (ω) is simply written as
4TM
To further simplify the model, we assume that the electron and each phonon subset are also quasiequilibrium. We replace f (ε) in Eq. (51) and n γ (ω) in Eq. (54) with with f FD (ε, T e ) and n BE (ω, T (γ) ph ), respectively. Using the high temperature approximation ω/(k B T ) ≪ 1, that is,
where C e is the specific heat of the electron. The coefficients g γ is written as
2TM
In the original derivation of the 2TM by Allen [3] , all the phonon temperatures are assumed to be the same. Then, one obtains
where G = γ g γ . The important fact is that the coefficient G in the 2TM contains the e-ph coupling constant λ ω 2 = γ λ γ ω 2 . The measurement of T e as a function of t will make it possible to determine the magnitude of λ ω 2 , if many assumptions above, which might be difficult to be satisfied, are correct.
C. Computational details
In the present model, there are six parameters that describe the material properties. These are listed in Table  I . In the present study, we study the thermalization of aluminum (Al), the most studied simple metal. Thus, we set r s = 2.07 [26] . To determine the elastic constants of the isotropic system from those of a real solid, we minimize X 2 and X 3 defined as [31] 
where G ijkl and G ijklmn are the elastic constants of a realistic system. For cubic crystals, one obtains 
where the Voigt notation (11 → 1, 22 → 2, 33 → 3, 12 → 4, 23 → 5, 31 → 6) is used. The values of C ij and C ijk in the right-hand side of Eq. (60) have been computed from density-functional theory calculations [34] . Using the values listed in Table II , we obtain λ L , µ L , E 1 , E 2 , and E 3 .
To determine the magnitude of the deformation potential for the TA phonons, D TA , introduced phenomenologically below Eq. (24), we set β = 1.5. The use of Eq. (46) yields λ = 0.383 (λ LA = 0.191 and λ TA = 0.096) and λ ω 2 = 510.0 meV 2 (λ LA ω 2 = 404.9 meV 2 and λ TA ω 2 = 52.5 meV 2 ), which are similar values reported in Al [10, 33] .
The BTE given by Eqs. (34) and (35) is solved by the fourth-order Runge-Kutta method, setting the time The second-order elastic constants E1, E2, E3 The third-order elastic constants step of 0.2419 fs. In the present model, the Fermi energy is ε F = 11.695 eV and the Debye energy for the LA phonon is E 0 = Ω LA,D = 65 meV. Within an electron energy window of ε ∈ [ε F − 10E 0 , ε F + 10E 0 ], 1600 discrete electron energies are considered. On one hand, 80 and 41 discrete phonon energies for the LA and TA modes are considered.
III. RESULTS AND DISCUSSION
Using f (ε) and n γ (ω) at t, the excess electron and phonon energies, measured from the total energies in thermal equilibrium, are computed by
The factor of 2 in Eq. (61) comes from the spin degeneracy. In the present study, we set T 0 = 25 meV. It should be noted that the effect of the e-e scattering on the electron thermalization was found to be negligibly small, that is, the t-E e curves with and without the ee scattering effect almost overlap. This may be due to a relatively small r s of Al, yielding a strong screening effect [see Eqs. (5) and (7)]. Thus, we will not consider the impact of the e-e scatterings explicitly below.
A. Thermalization
As a model study, we start from the initial electron distribution function with Gaussian-type peaks above and below the Fermi level, which is given by
where ε 0 and W are the peak position and the width, respectively. Given a peak height A − , A + is uniquely determined by the electron number conservation law. The phonon distribution is assumed to be n BE (ω, T 0 ). Similar types of the model functions have been used to study the thermalization in metals [13] . In this subsection, we set A − = 0.1, ε 0 = 300 meV, and W = 50 meV, where the effective electron temperature amounts to approximately 800 K. In Sec. III B, the effect of the initial distribution on the thermalization will be investigated. Figure 1(a) shows the t-evolution of E e , E ph,LA , and E ph,TA1 defined as Eqs. (61) and (62). Since the contribution from E ph,TA2 is the same as E ph,TA1 , the former is not shown in Fig. 1(a) . Hereafter, we denote E ph,TA1 and E ph,TA2 as E ph,TA . In the initial stage of the relaxation, t ≤ 0.2 ps, E e decreases drastically, while E ph,LA and E ph,TA gradually increases. Most of the electron energy is transferred into the LA phonons, resulting in the overshoot of E ph,LA at t = τ 0 = 0.21 ps, followed by a slow decay of E ph,LA and a slow increase in the E ph,TA . After t = 3 ps, the values of E el , E ph,LA , and E ph,TA are almost constant, indicating the thermal equilibrium of the system.
To understand the overshoot of the LA phonon energy, we decompose the energy transfer rate ∂E ph,γ /∂t into a sum of the contribution from the ph-e and ph-ph scatterings, which is defined as, respectively,
The latter, Eq. (65), is further decomposed into two contributions: the anharmonic decay R ph-ph,γ (anharmonic) and the inelastic scatterings R ph-ph,γ (inelastic). Similarly, we can define the energy transfer rate of the electronic system due to the e-ph scatterings, but the quantity is exactly equal to −R ph-e,γ . Figure 2 (a) shows R ph-e,γ and R ph-ph,γ as a function of t. Within the initial relaxation (t ≪ τ 0 ps), R ph-e,LA is positive and much larger than the other rates, indicating that the LA phonons obtain a large amount of the electron energy via the ph-e scatterings. Simultaneously, the magnitude of |R ph-ph,LA (anharmonic)| increases with increasing t. Negative value of R ph-ph,LA (anharmonic) indicates that the LA phonon decays into low-frequency LA and TA phonons.
Correspondingly, both of R ph-ph,LA (inelastic) R ph-ph,TA (inelastic) increase with time. The sum of the contribution from the anharmonic and the inelastic processes, |R ph-ph,LA |, becomes larger than the value of R ph-e,LA after t = τ 0 ps. In this way, the overshoot of E ph,LA , shown in Fig. 1(a) , is due to a crossover from the energy gain via the ph-e scattering to the energy loss via the anharmonic decay into TA phonons. Figure 1 (b) is a magnified view of E e shown in Fig. 1(a) . Before t ≃ 0.4 ps, E e decreases linearly in a log-log plot, while before reaching the thermal equilibrium (t = 3 ps) the relaxation behavior slows. Figure  2 (b) also shows a magnified view of R ph-e,LA and R ph-e,TA in Fig. 1(b) . Negative value of R ph-e,LA is observed during the time interval t ∈ [0.38, 4.7] ps. This means that the energy stored in the LA phonons is transferred, in turn, into the electronic system. The time interval showing R ph-e,LA < 0 is almost the same as the interval when the electron relaxation slows [ Fig. 1(b) ]. Thus the appearance of the backward energy flow is an indicator for reaching a thermal equilibrium. Similar scenario involving the backward energy flow has been reported in phononic systems [21] . Note that the negative R ph-e,LA is also observed after t = 8.7 ps, while the value is quite small: R ph-e,LA ∼ −10 −4 J/(cm 3 ·ps). This is similar to the dynamics of the damped oscillators in the classical mechanics when R ph-e,LA in Eq. (64) is regarded as the amplitude of the oscillation. The decay process discussed above could be understood in terms of the nonequilibrium distribution functions. Figures 3(a) and (b) show f (ε) and n LA (ω) for various ts, computed by Eqs. (34) and (35), respectively. For comparison, the FD and BE distribution functions with several T s are also shown. The Gaussian peak observed at ε/E 0 = 5 in f (ε) is immediately smeared out within 0.2 ps, while the deviation from the FD function is still not negligible, which is similar to the numerical results in Ref. [18] . After t = 0.36 ps, the quasiequilibrium treatment for f (ε) may be valid, shown in Fig. 3(a) . In contrast, the LA phonon population increases due to the ph-e scatterings up to t = 0.36 ps, after which they decreases, as shown in Fig. 3(b) . To understand the phonon dynamics quantitatively, we show the t-dependence of n γ (ω) at ω = Ω LA,D /2 in Fig. 4(a) . Quite similarly to t-E ph,LA curve in Fig. 1(a) , an overshoot of the LA phonon population is observed around t = 0.34 ps, while the change in n TA (Ω LA,D /2) is moderate. Figure 4(b) shows the deviation of n LA (ω) from the BE statistics at T = 27 meV for several ts. The phonon population at ω = Ω LA,D increases with time and is maximum at t = 0.12 ps, after which it decreases. Since the ph-ph scatterings such as LA ⇆ LA + TA frequently occur after the creation of the hot high-frequency LA phonon, the population of the LA phonon with lower frequency (ω ≃ Ω LA,D /2) increases with time.
The observation of R ph-e,LA = 0 at t = 0.38 ps, in Fig. 2(b) , is closely related to the breakdown of the quasiequilibrium approximation for the LA phonon. Given the quasiequilibrium distribution for f (ε) after t = 0.38 ps, the value of R ph-e,γ can be approximated as
A trivial solution to R ph-e,γ = 0 is n γ (ω) = n BE (ω, T e ), that is, a thermal equilibrium at t → ∞. Another solution is n 0 γ (ω) satisfying a relation
Since n γ (ω) at t = 0.38 ps deviates from the BE function positively for higher ω and negatively for lower ω shown in Fig. 4(b) , Eq. (67) holds. This clearly shows the breakdown of the quasiequilibrium treatment for LA phonons.
B. Impact of the nonequilibrium distribution
The total energy dynamics within the 4TM and 2TM, described in Secs. II B 4 and II B 5, respectively, are shown in Figs. 5(a) . The t-E e , E ph,LA , and E ph,TA curves in the NEP model are also shown. Clearly, the initial electron relaxation derived from the 2TM and 4TM is faster than that derived from the NEP model. the 2TM. What is important in these comparative studies is that the energy relaxation in the quasiequilibrium treatment is faster than that in the nonequilibrium treatment. This would lead to an underestimation of the e-ph coupling constant when the 2TM or 4TM are applied to time-resolved experiments. This result, the underestimation of λ ω 2 , is consistent with the results reported in Ref. [20] . We define τ 0 , at which E ph,LA is the maximum, as the initial relaxation time, which may be determined from time-resolved diffraction experiments [35, 36] . Figure 6 shows τ 0 as a function of E e (t = 0) for various f (ε, t = 0). In Eq. (63), we tune three parameters as follows; (i) A − ∈ [0.02, 0.2], ε 0 = 300 meV, and W = 50 meV; (ii) A − = 0.1, ε 0 ∈ [100, 450] meV, and W = 50 meV; and (iii) A − = 0.1, ε 0 = 300 meV, and W ∈ [10, 100] meV. We also studied the case of (iv) f (ε, t = 0) equal to the quasiequilibrium distribution with T e (t = 0) ∈ [30, 100] meV. As expected, τ 0 increases with increasing E e (t = 0) for all cases (i)-(iv). However, the curves of τ 0 -E e (t = 0) cannot be described by a single function, implying that τ 0 is a functional of f (ε, t = 0). Unfortunately, we could not find a clear relationship between them, whose derivation or microscopic understanding will be a future work. As shown in Fig. 6 , the quasiequilibrium approximation, the case (iv), gives the lowest value of τ 0 . Similar result has been reported in Ref. [14] , while the initial distribution used is different from that used in the present study.
More realistically, the electron distribution will change due to the electron-photon interaction within a pulse width [14, 17] . During the finite pulse width, the phonons are also created through the ph-e scatterings, disturbing the phonon distribution function. To consider this effect, we assume that the initial LA phonon distribution is given as
where B and W ph are the peak height and the width. n TA (ω) is assumed to be equal to n BE (ω, T 0 ) at t = 0 ps because the magnitude of the electron-TA phonon coupling is smaller than that of the electron-LA phonon coupling. The initial electron distribution is still expressed as Eq. (63). We set A − = 0.1, ε 0 = 300 meV, W = 50 meV, B ∈ [0, 0.16], and W ph = 0.1E 0 , as the case of (v). Nonzero B yields a positive value of E ph (t = 0). τ 0 as a function of E e (t = 0) + E ph (t = 0) is shown in Fig. 6 . Contrary to the cases of (i)-(iv), τ 0 decreases as the sum of the excess energies increases. This means that the anharmonic decay event occurs frequently with increasing E ph,LA (t = 0), as a result of which τ 0 becomes faster. What is suggested by this special condition is that the phonon population dynamics would play an important role in understanding the thermalization in metals. Note that the overshoot of E ph,LA will vanish if E ph,LA (t = 0)/E e (t = 0) ≫ 1.
IV. SUMMARY
We have studied the electron and phonon thermalization in photoexcited metals by solving the BTE taking into account the e-e, e-ph, ph-e, and ph-ph scatterings. We have found that in the initial stage of the relaxation, most of the electron energy is transferred into the LA phonons through the e-ph and ph-e scatterings. Simultaneously, the LA phonon decays into TA phonons via the ph-ph scatterings. This yields an overshoot of the total LA phonon energy at a time τ 0 . The behavior of the thermalization is not affected by the presence of the e-e scattering. The picture for the thermalization demonstrated in the present study is quite different from the 2TM scenario [3] .
By systematically investigating the relaxation dynamics of several models, we have shown that the energy relaxation within the quasiequilibrium approximation is found to be faster than that in a realistic situation. This implies that the use of the 2TM underestimates the e-ph coupling constant in metals, consistent with the results in Ref. [20] .
We have also found that the relaxation time τ 0 strongly depends on the initial distribution functions f (ε, t = 0) and n γ (ω, t = 0) as well as the initial energy. An open question is to find a functional form to estimate τ 0 . Such a functional must also contain the information about the e-ph and ph-ph interactions.
